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Abstract
The impact of forest skidding machine tires on the soil differs depending on topography, soil properties,
and type of the wheel system. The development of a mathematical model describing the entire dynamic
process is a challenging but relevant task to assess the level of impact. The work aims mathematical modeling
of the impact caused by the skidding system on the forest soil employing Kelvin-Voigt theory with additional
elastic element and Laplace transform equations. A dynamic model represents the "tractor–timber bundle–
soil" system. According to the results of mathematical modeling, it was found that studying the vertical
vibrations and vibrations of sprung mass in longitudinal and transverse planes is sufficient for examining
dynamic soil compaction. Developed methods of statistical dynamics with the presentation of the track
surface microroughness and the theory of linear elastic and viscous soil deformation showed that each pass of
the skidding system is ac-companied by additional dynamic soil compaction. Its maximum value depends on
the properties of the soil and skidding system, as well as on the presence of resonant zones in the frequency
spectrum. The results of these studies provide an opportunity to predict the exposure level of skidders and
establish new solutions to minimize negative consequences for the environment and productivity of the forest
industry.
Keywords: D'Alembert's principle; dynamic soil compaction; Laplace transform; tractor’s cyclic circuit;
the Kelvin-Voigt model

1. INTRODUCTION
When developing the timber harvesting
technologies in forests, it is necessary to consider
various factors such as soil composition, the level
of impact of harvesting machines and their
technological aspects on the soil, as well as natural
and climatic conditions. Forest harvesting
operations cause a significant negative impact on
the soil leading to its wounding by skidders,
compaction, and rutting.
The results of experimental studies show
varying degrees of skidding machinery impact on
the soil degradation due to reduced water
penetration, which increases the risk of soil erosion
[1-3]. The compaction and deformation of the soil
occurring during the passage of forest machinery
are considered as complex processes that depend on

the pressure, shear forces, and spread of vibrations
in the soil. According to a literature review [24],
these negative effects can affect the soil to a depth
of 0.75 m. Moreover, the soil can recover only
within 1-2 years after the first passage of the
machine unless no further impacts are exerted.
Subsequent passages of the machines induce
additional compaction. Such negative impacts on
the soil lead to limited moisture and nutrients
content required for plant seeds and result,
eventually, in changing forest ecosystems in such
areas [25].
The authors in [26] examined samples of
disturbed and undisturbed soil at different depths to
determine the physical parameters of the soil and
reported that soil compaction is characterized by
such methods as elastic deformation, plastic
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deformation, disturbance of bearing capacity, and
homogenization of soil structure.
In this regard, the theoretical study of dynamic
soil compaction by forest machinery is highly
relevant. For example, the paper [27] suggests the
method for measuring the dynamic pressure on the
soil by given parameters of the weight and speed of
the forest machine based on theoretical
experimental data. Theoretical studies of dynamic
soil compaction by wheeled forest machines and
skidding systems based on it are performed from
simple (4x4) to complex (8x8) tractor modification.
As the skidding system is an extremely complex
vibrating system involving a large number of
discrete and distributed masses, the dynamic system
is more complicated due to the elastic and viscous
properties of soil. To simplify the process, an
equivalent vibrating system or analytical reduced
scheme equivalent to a dynamic system [4] was
accepted to study and estimate oscillations in a
certain frequency range.
Equivalent cyclic circuit of a skidding system,
as well as the majority of real dynamic and physical
systems, is nonlinear [4] at an exact estimation but
experimental studies of lorries [5] and wheeled
skidders [6] have shown that elastic characteristics
of tires and suspension in a deformation zone near
static loading are close to linear. The analysis of
skidding systems based on the wheeled tractor has
shown that masses and their moments of inertia in a
particular system are set and constant, and the
equivalent scheme should be considered as a
vibrational system with constant dynamic
parameters [7].
When investigating the machine’s vibrations in
equivalent vibrating schemes, the pneumatic tire is
depicted as a spring on the wheel axle, the lower
end of which moves on the supporting surface.
Calculations according to the developed
mathematical models in [8] have shown that the
flattening of the road microprofile of the
automobile proving ground is much more intensive
at fine roughness rather than at long. For our
research, the examination of the flattening effect of
the field surface microroughness of the machinetractor unit with a soil tillage machine is of high
interest [9]. Microroughness can be flattened under
the influence of supporting wheels, while others are
copied by wheels. Normal correlation functions and
spectral densities of unevennesses after each
passage are identical. Therefore, in calculations for
investigating the dynamics of soil tillage machines,
statistical characteristics of surface unevennesses
received before the passage of the machine are
applied. The latest studies on wheeled vehicle
vibrations and elastic properties of the soil show
that their behavior is evaluated by different physical
and mechanical parameters [13-17]. It confirms the
relevance of examining each of the two subsystems
separately. Vibrations of the first subsystem under
the influence of disturbances from the trail

microroughness contribute to additional dynamic
compaction of the soil.
The purpose of this work was to study the
dynamic compaction of the soil by wheeled forestry
machines presented as a dynamic model of the
system "tractor – timber bundle - soil", which
consists of two systems: the vibration of a tractor
and tractor with a bunch of wood on tires. The
results of these studies provide an opportunity to
predict the exposure level of skidders and establish
new solutions for minimization of negative
consequences for the environment and productivity
of the forest industry.
2. MATERIALS AND METHODS
Theoretical studies include studying the
vibrations of tractors with 4x4, 6x6, and 8x8 wheel
modifications produced by numerous leading
manufacturers of forest machinery such as John
Deere, Ponce, Komatsu, Rottne, etc. [10]. The
structural feature of forest wheeled tractors is that
the relative turn of the rear and front half-frame in
the transverse plane is accompanied by a twisting of
the cardan drive. At that, the rigidity of the halfframe is considered to be higher than that of the
cardan drive. Fig. 1 shows the oscillating scheme of
the system equivalent to the vibrations of tractors
with 4x4 wheels.

Fig. 1. Oscillating scheme of the tractor with 4x4
wheel arrangement. G=G1+G2 is the weight of the
tractor; G1 and G2 is the weight of the rear and front
half-frames, respectively; Q is the weight of timber
bundle; Q1 is the weight of the bundle placed on the
tractor; Ct is the coefficient of tire rigidity; µt is the
coefficient of viscous friction of the tire; βf and βr are the
turning angles of half-frames in the transverse plane,
respectively; CCG is the rigidity coefficient of the cardan
gear; γ is the turning angle of half-frame in the
longitudinal plane; MCG is the torsion torque of the
cardan gear; qi is the coordinates; zi is the soil reaction.

Dynamic soil compaction by the wheeled
forestry machines, in special by a skidding system,
can be represented by a dynamic model of the
"tractor - timber bundle - soil" system consisting of
two systems, one of which is the oscillation of a
tractor or a tractor with a wood bunch on tires.
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Parameters of the oscillating system "skidding
tractor - timber bundle"
When simplifying and compiling the above
calculation schemes, which are equivalent to an
oscillating or dynamic system, the distributed mass
of a skidding tractor with a bundle of wood are
replaced by discrete mass connected by elastic noninertial bonds and reflecting the rigidity or pliability
of the elastic elements inclusive of coupling friction
and intramolecular friction in the tire. To comprise
a simplified scheme of the equivalent "skidding
tractor - timber bundle" oscillating system, it is
necessary to justify and select the dynamic
parameters of the vibrating system.
Under the influence of unevenness of the
harvesting area supporting surface, first of all of the
skidding trail, the skidding system performs vertical
and angular oscillations in longitudinal and
transverse planes. The degree of complexity of the
equivalent oscillating scheme of the skidding
system is determined by the number of structural
elements included in the consideration, elastic and
damping properties, and the nature of the disturbing
influences.
The masses and moments of inertia of the
oscillating system are mainly determined by the
masses of the front and rear half-frames with the
units, mechanisms, systems, equipment, and wood
placed on them. The oscillating system in advanced
forest machinery is characterized by the absence of
springs and shock absorbers. Its functions are
performed by large-sized forest tires, which can be
referred to as extra-low pressure tires according to
common tire classification.
The inertia moments of the wheeled tractors and
their half-frames in transverse and longitudinal
planes is not possible to determine experimentally.
When studying the oscillating system equivalent to
the running gear of a lorry, the distribution of
sprung masses in the longitudinal plane is
determined, which is characterized by the index of
vertical vibrations inertia over the front and rear
suspension ε, in our case, over the axles and
trolleys. Thus, it follows:
𝜌2
𝜀 = 𝑚,
(1)
а⋅в
where ρm is the radius of the sprung mass inertia
in relation to the transverse axis passing through the
center of gravity, and a, b is the distance from the
center of the sprung mass to the front and rear axles
(to the trolley axle in balance trolley) along the
longitudinal axis of the machine.
Complex configuration of the tractor with a
timber bundle and its half-frames complicates the
determining with high precision the moments and
radii of inertia. In theoretical mechanics [12], the
formulas for determining the inertia moments and
radii of homogeneous bodies with different shapes
are proposed, which can be used for similar
calculations in our research. The torque of a
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rectangular parallelepiped with respect to the axis
of symmetry (x) is equal:
𝑎2 +𝑏2

𝐽𝑥 = 𝑀 𝑇 𝑇
12
and the radius of inertia amounts to:

(2)

2 +𝑏2
√𝑎𝑇
𝑇

𝑝𝑥 =
= 0,289√𝑎2𝑇 + 𝑏𝑇2
(3)
2√3
where aT and bT is the width and height of the
parallelepiped in relation to the x axis, respectively.
Tire rigidity manifests at all investigated
vibrations: vertical, transverse, and longitudinal
angular. Researchers of lorries with high loading
capacity have established linear dependence of
elasticity of front (tires and shock absorbers) and
rear (only tires) suspensions, especially within the
range of real deformations and air pressure in the
tire recommended by manufacturers [13, 28].
Oscillations of the skidding system in the
transverse plane are accompanied by angular
movements of the front and rear half-frames to a
relative twist angle. Its maximum value for a
wheeled forest tractor can reach 17° (Fig. 2). In this
case, the cardan gear transmitting the torque from
the transfer gearbox to the rear axle also twists. [14]
The stiffness coefficient for cardan gear equals to
5,1∙104 Н∙m/rad. The half-frames of the articulated
frame are connected by a joint to a plane bearing in
which friction is negligible.
In equivalent oscillating schemes of skidding
systems based on wheeled tractors, the coefficients
of radial stiffness and inelastic resistance of tires for
each axle should be considered as parallel included
elements. Their values for each axle are summed up
[15]. Table 1 shows the coefficients of radial
stiffness and inelastic resistance for single tires and
tires of one trolley side, i.e., two tires.

Fig. 2. The scheme of hinge twisting

Table 1. Coefficients of radial stiffness and
inelastic resistance of tires
Parameters

Stiffness
coefficient
Coefficients
of inelastic
resistance

Size

Values
Tire
33L32

Tire
23,126

Two
tires
23,1-26
of the
trolley
or axle

Two
tires
33L- of
the
trolley
or axle

kN/m

1300

900

1800

2600

kN∙s/m

20,0

12,0

24

40
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Equivalent scheme of the dynamic system
"tractor-timber bundle-soil"
When studying the dynamic compaction of the
soil by the skidding system under the disturbing
effects of microroughness of the track surface, the
dynamic system "tractor-timber bundle- soil" is
accepted to divided into two subsystems [16]. The
first subsystem reflects the oscillations of the
skidding system on elastic tires in a radial direction
and the second - elastic deformation of the soil
under the dynamic influence of the skidding system
[17].
Similarly to the terms used in the studying
lorries, the first subsystem of the dynamic system
"tractor-timber bundle- soil" can be referred to as a
scheme of the oscillating subsystem, equivalent to
the vibrations of a tractor or tractor with a bunch of
wood on the tires [17]. Such schemes of oscillating
systems based on tractors with 4x4 wheel
configurations are given in Fig. 3.
Wheeled skidders with a 4x4 wheel
configuration are usually equipped with a pincer
grab. The connection scheme of a semi-suspended
bunch of wood is shown in Fig. 4a.

Fig. 3. Oscillating systems based on tractors with
various wheel configurations, M is a tractor weight with
wood, mf and mr are the weights of front and rear half/

//

frames, respectively, с𝑠 , с𝑠 is the soil parameter, and η
is the soil viscosity coefficient.

On a chokerless wheeled tractor with hydraulic
grapple of the tree butts, the bundles of wood are
placed into clam bunk. The scheme of connection
between the semi-suspended bunch of wood with
the tractor is shown in Fig. 4b.
When investigating the first subsystem, the
influence of vertical oscillations and oscillations in
longitudinal and transverse planes on dynamic soil
compaction was studied. Calculations have shown
that the first natural frequency of vertical
oscillations of the skidding system is a little higher
than the first natural frequency of trees transverse
oscillations and varies within the range of 0.6-0.7
Hz [18]. Besides, the mass of wood bundle leaning
on the soil is about 10% of the skidding system
mass based on TLK 4-01 tractor. Consequently,
vertical oscillations of the skidding system can be
investigated separately from the transverse
vibrations of the timber bundle.
Also, the following assumptions have been
made for an equivalent calculation scheme:

-

angular oscillations occur around the roll and
trim axles;

-

tire deformation is unlimited;

-

vertical oscillations do not affect angular
oscillations [19];

-

the relative rotation angle of the half-frames is
no more than 17°.
(a)

(b)

Fig. 4. (a) – the connection scheme for a semisuspended bundle of wood, γ is the deviation angle of
suspension; βw is the angle of deviation of wood bundle;
(b) - scheme of connection between a semi-suspended
bundle of wood with a tractor.

When investigating the first subsystem, the
influence of vertical oscillations and oscillations in
longitudinal and transverse planes on dynamic soil
compaction was studied. Calculations have shown
that the first natural frequency of vertical
oscillations of the skidding system is a little higher
than the first natural frequency of trees transverse
oscillations and varies within the range of 0.6-0.7
Hz [18]. Besides, the mass of wood bundle leaning
on the soil is about 10% of the skidding system
mass based on TLK 4-01 tractor. Consequently,
vertical oscillations of the skidding system can be
investigated separately from the transverse
vibrations of the timber bundle.
Also, the following assumptions have been
made for an equivalent calculation scheme:

-

angular oscillations occur around the roll and
trim axles;

-

tire deformation is unlimited;

-

the relative rotation angle of the half-frames is
no more than 17°.

vertical oscillations do not affect angular
oscillations [19];
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3. RESULTS AND DISCUSSION
First subsystem
The oscillating process of the skidding system at
passage through a logging area is determined not
only by the disturbing effects of the trail, but also
by the properties of the dynamic system, which in
our research is a skidding tractor or skidding
system, i.e., tractor with a bundle of wood on the
tires.
Tractor or a skidding system can perform
following
oscillating
movements:
linear,
longitudinal, transverse, etc. Only the sprung
weight of the tractor in space can have six degrees
of freedom, that is, its movement can be determined
by three linear and three angular coordinates. In
modern wheeled forest tractors such technical and
design solutions are used, which provide a straightline motion, that is, excluding longitudinal linear
oscillations and "yawing", at which the movement
of the machine can be uncontrollable [16].
Considering the vibrations of the tractor on tires
and taking into account the vibrations of semiloaded or semi-suspended timber bundle, as well as
transmission and engine vibrations, the number of
freedom degrees increases. In our research, the
vibrations of the tractor and the skidding system on
tires are investigated not considering the torsional
vibrations of the transmission and engine.
Consequently, the vibrations of a tractor and a
tractor with a fully loaded bundle of wood can be
considered as a dynamic oscillating system with
four degrees of freedom (Fig. 1). The first degree of
freedom is vertical vibrations of the tractor on tires
together with the center of mass, Z coordinate. The
second degree of freedom is the longitudinal
angular oscillations, the turning of tractor mass with
the loaded wood relative to the center of mass or its
transverse coordinate. At such oscillations position
of the sprung mass of the system relative to the
center of mass is determined by coordinate β.
The third degree of freedom is the transverse
angular oscillations of the two hinged half-frames.
At that, the position of the front and rear halfframes relative to the center of mass or its
longitudinal coordinate x is determined by γ. The
oscillations of the front half-frame relative to the
rear half-frame and vice versa are the fourth degree
of freedom. In addition to the hinged connection
with relatively low friction moment value, the halfframe is connected by a cardan gear with the
rigidity coefficient Cc.
Sprung systems of all wheeled forest tractors are
symmetrical with respect to the longitudinal axle of
the machine [13, 16]. Longitudinal angular
oscillations of the sprung mass symmetrical with
respect to machine longitudinal axle can be
considered independently from transverse angular
oscillations and vice versa.
The microprofile of the reference surface
microroughness is usually represented by the
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correlation function of action R(τi), which can be
approximated as follows:
𝑅(𝜏𝑖 ) = 𝐷𝑒 −𝑎|𝜏𝑖 | 𝑐𝑜𝑠𝛽𝜏𝑖
(4)
where D is the dispersion of microroughness
and α, β are the coefficients of approximation.
Lag time τi=ti-t1 at passage of the i -wheel of
the machine on the unevenness compared to the
passage of the first wheel:
𝑙 −𝑙
𝜏𝑖 = 1 𝑖
(5)
𝑣
where li is the distance of axles from the center
of tractor mass and υ is the tractor speed.
Forwarder or tractor without wood
The dynamic oscillation system of the skidding
tractor is a holonomy system with constant
parameters. The motion of the system will be
considered in the inertial coordinate system
connected with the ground. The equation of motion
is composed as an equilibrium of acting forces
applying D'Alembert's principle.
Differential equations of the system’s motion
(Fig. 5) can be presented as:
1
2𝑛
𝑍 + 𝑎1 𝑍 + 𝑎2 𝑍 = (∑2𝑛
𝑖=1 𝜇𝑡 𝑦𝑖 + ∑𝑖=1 𝐶𝑡 𝑦𝑖 )
𝜑 + 𝑏1 𝜑 + 𝑏2 𝜑 =

𝑀
1

𝐽𝑙𝑡

2𝑛
(∑2𝑛
𝑖=1 𝜇𝑡 𝑙𝑖 𝑦𝑖 + ∑𝑖=1 𝐶𝑡 𝑙𝑖 𝑦𝑖 )

𝛾1 + 𝐶1 𝛾1 + 𝐶2 𝛾1 + 𝐶𝛾1 (1 − ∆𝛾) =
1
2𝑛
(∑2𝑛
𝑖=1 𝜇𝑡 𝑙𝑖 𝑦𝑖 + ∑𝑖=1 𝐶𝑡 𝑙𝑖 𝑦𝑖 )
𝐽𝑙𝑡

𝛾2 + 𝑑1 𝛾2 + 𝑑2 𝛾2 + 𝐶𝛾2 (1 − ∆𝛾) =
1
2𝑛
(∑2𝑛
𝑖=1 𝜇𝑡 𝑙𝑖 𝑦𝑖 + ∑𝑖=1 𝐶𝑡 𝑙𝑖 𝑦𝑖 )
𝐽𝑟𝑡

where 𝑎1 =
𝑏2 =
𝑑1 =

𝐶𝑡
𝐽𝑙𝑡
𝜇𝑡
𝐽𝑟𝑡

2𝑛𝜇𝑡

, 𝑎2 =

, 𝑏1 =

𝜇
𝜇𝑡
2
2𝑛 2
∑2𝑛
∑
𝑙
,
𝐶
=
1
𝑖=1 𝑖
𝑖=1 𝑙𝑖 ,
𝐽𝑓𝑡
𝐶𝑡
2
2𝑛 2
∑2𝑛
𝑖=1 𝑙𝑖 ; 𝑑2 = 𝐽 ∑𝑖=1 𝑙𝑖 .
𝑟𝑡
𝛾1−𝛾2

∆𝛾 =

𝛾1

𝑀

2𝑛𝐶𝑡

𝐶2 =

(6)
𝜇𝑡
𝐽𝑙𝑡
𝐶𝑡
𝐽𝑓𝑡

2
∑2𝑛
𝑖=1 𝑙𝑖 ,
2
∑2𝑛
𝑖=1 𝑙𝑖 ;

is the relative value of the half-

frame angular deviation in an articulated joint and n
is the number of axles of a multi-axle tractor, µt is
the coefficient of the tire viscous friction, Ct is the
tire rigidity coefficient, M is a tractor weight with
wood, torques of a rectangular parallelepiped
relative to the axis of symmetry in longitudinal Jlt,
as well as front Jft, and rear Jrt transverse planes.
After Laplace transform of the differential
equations system (6), a system of algebraic
equations can look like:
1
(𝑠 2 + 𝑎1 𝑠 + 𝑎2 )𝑧(𝑠) = [𝐹1 (𝑠) ∑2𝑛
𝑖=1(𝜇𝑡 𝑠 +
𝑀
−𝜏𝑖 𝑠 ]
𝐶𝑡 ) 𝑒
1
(𝑠 2 + 𝑏1 𝑠 + 𝑏2 )𝜑(𝑠) = [𝐹1 (𝑠) ∑2𝑛
𝑖=1(𝜇𝑡 𝑠 +
𝐶𝑡 ) 𝑒 −𝜏𝑖 𝑠 ]
(𝑠 2 + 𝑐1 𝑠 + 𝑐2 )𝛾1 (𝑠) =

𝐽𝑙𝑡
1

𝐽𝑓𝑡

𝐶𝑡 ) 𝑒 −𝜏𝑖 𝑠 ]
(𝑠 2 + 𝑑1 𝑠 + 𝑑2 )𝛾2 (𝑠) =

[𝐹1 (𝑠) ∑2𝑛
𝑖=1(𝜇𝑡 𝑠 +

1
𝐽𝑟𝑡

[𝐹1 (𝑠) ∑2𝑛
𝑖=1(𝜇𝑡 𝑠 +

𝐶𝑡 ) 𝑒 −𝜏𝑖 𝑠 ]
𝐹1 (𝑠) = 𝐿[𝑓1 (𝑡 − 𝜏𝑖 )] − 𝐿[𝑦𝑖 ]
(7)
where L is Laplace transform and s=σ+iω is
complex frequency.
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Thus, the Laplace transform allowed passing
from the system of differential equations (6) of
acting variable t to the system of algebraic
equations (7) of complex variable s.
a)

𝑦

𝑦
𝐾𝜔2
𝑦2
𝐶𝜔

𝑦

𝐾𝜔2 +𝑖𝐶𝜔2

𝑊𝑦2 (𝑖𝜔) =

;

𝑦
𝑦
𝐽𝑟𝑡 (𝑀𝜔2 +𝑖𝑁𝜔2 )

2𝑛
𝐶𝑡 ∑2𝑛
𝑖=1 𝑙𝑖 𝑐𝑜𝑠𝜏𝑖 𝜔 + 𝜇𝑡 𝜔 ∑𝑖=1 𝑙𝑖 𝑠𝑖𝑛𝜏𝑖 𝜔;
2𝑛
2𝑛
∑𝑖=1 𝑙𝑖 𝑐𝑜𝑠𝜏𝑖 𝜔 − 𝐶𝑡 ∑𝑖=1 𝑠𝑖𝑛𝜏𝑖 𝜔;

=
=

𝑦

𝑀𝜔2 = 𝑑2 − 𝜔2 ;
𝑦
𝑁𝜔2 = 𝑑1 𝜔

(11)
Amplitude frequency characteristics, i.e.,
vertical Az, longitudinal-angle Аφ, and transverse for
the front 𝐴𝑦1 and rear 𝐴𝑦2 half-frames, are the
corresponding modules of complex values (8)-(11)
|𝑊𝑧 (𝑖𝜔)|, |𝑊𝜑 (𝑖𝜔)|, |𝑊𝑦1 (𝑖𝜔)|, and |𝑊𝑦2 (𝑖𝜔)|:
(𝐾 𝑧 )2 +(𝐶 𝑧 )2

1

𝐴𝑧 = √(𝑀𝜔𝑧 )2 𝜔𝑧 )2
𝜇
+(𝑁
𝜔

1

𝐴𝜑 =

𝐽𝑙𝑡

𝐴𝑦1 =

b)

𝐴𝑦2 =

Fig. 5. Scheme of the oscillating system in the
longitudinal (a) and transverse (b) plane equivalent to the
skidding system.

By solving the system of questions (7) with the
replacement of the determinant [11], the transfer
functions of the reference surface to the sprung
mass of the skidding system are determined Wz(s),
Wφ(s), W 1 ( s) , and W 2 ( s) at the s=iω where ω is
the oscillation frequency, с-1, and i is an imaginary
unit. As a result, it follows:
𝑍 +𝑖𝐶 𝑧
𝐾𝜔
𝜔

𝑊𝑍 (𝑖𝜔) =
𝐾𝜔𝑍 =
𝐶𝜔𝑧 =

;

𝑍 +𝑖𝑁 𝑧 )
𝑀(𝑀𝜔
𝜔
2𝑛
𝐶𝑡 ∑2𝑛
𝑐𝑜𝑠𝜏
𝑖 𝜔 + 𝜇𝑡 𝜔 ∑𝑖=1 𝑠𝑖𝑛𝜏𝑖 𝜔;
𝑖=1
2𝑛
2𝑛
∑𝑖=1 𝑐𝑜𝑠𝜏𝑖 𝜔 − 𝐶𝑡 ∑𝑖=1 𝑠𝑖𝑛𝜏𝑖 𝜔;

𝜑

𝑀𝜔𝑧 = 𝑎2 − 𝜔2
𝑁𝜔𝑧 = 𝑎1 𝜔

𝜑

𝐾𝜔 +𝑖𝐶𝜔
𝜑
𝜑 ;
𝐽𝑙𝑡 (𝑀𝜔 +𝑖𝑁𝜔 )
𝜑
2𝑛
𝐾𝜔 = 𝐶𝑡 ∑2𝑛
𝑖=1 𝑙𝑖 𝑐𝑜𝑠𝜏𝑖 𝜔 + 𝜇𝑡 𝜔 ∑𝑖=1 𝑙𝑖 𝑠𝑖𝑛𝜏𝑖 𝜔;
𝜑
2𝑛
2𝑛
𝐶𝜔 = ∑𝑖=1 𝑐𝑜𝑠𝜏𝑖 𝜔 − 𝐶𝑡 ∑𝑖=1 𝑠𝑖𝑛𝜏𝑖 𝜔;

𝑊𝑦1 (𝑖𝜔) =

𝑦

𝜑

𝑀𝜔 = 𝑏2 − 𝜔2 ;
𝜑
𝑁𝜔 = 𝑏1 𝜔

(9)

𝑦

𝐾𝜔1 +𝑖𝐶𝜔1
𝐽𝑓𝑡

;
𝑦
𝑦
(𝑀 1 +𝑖𝑁 1 )
𝜔

1
𝐽𝑓𝑡
1
𝐽𝑟𝑡

√
√

𝑦

2

𝑦

(𝐾𝜔1 ) +(𝐶𝜔1 )

2

𝑦 2
𝑦 2
(𝑀𝜔1 ) +(𝑁𝜔1 )
𝑦

2

𝑦

2

𝑦

2

𝑦

2

(𝐾𝜔2 ) +(𝐶𝜔2 )

(𝑀𝜔2 ) +(𝑁𝜔2 )

𝜔

𝑦
𝑦1
2𝑛
2
𝐾𝜔1 = 𝐶𝑡 ∑2𝑛
𝑖=1 𝑙𝑖 𝑐𝑜𝑠𝜏𝑖 𝜔 + 𝜇𝑡 𝜔 ∑𝑖=1 𝑙𝑖 𝑠𝑖𝑛𝜏𝑖 𝜔; 𝑀𝜔 = 𝐶2 − 𝜔 ;
𝑦1
𝑦1
2𝑛
2𝑛
𝐶𝜔 = ∑𝑖=1 𝑙𝑖 𝑐𝑜𝑠𝜏𝑖 𝜔 − 𝐶𝑡 ∑𝑖=1 𝑠𝑖𝑛𝜏𝑖 𝜔;
𝑁𝜔 = 𝐶1 𝜔

(10)

(12)

The Fourier transform of the microroughness
correlation function in the longitudinal and
transverse planes of the trail allows obtaining the
spectral density or energy spectrum S(ω) of a
random process, which describes the frequency
composition of the correlation function.
The correlation functions σ determine the
dispersion and mean square deviations (MSD) of
the corresponding oscillations:
1 ∞
𝜎𝑧2 = ∫0 𝑆(𝜔)𝐴2𝑧 𝑑𝜔
𝜋
1

∞

𝜎𝜑2 = ∫0 𝑆(𝜔)𝐴2𝜑 𝑑𝜔
𝜋
1

∞

1

∞

𝜎𝑦21 = ∫0 𝑆(𝜔)𝐴2𝑦1 𝑑𝜔
𝜋
𝜎𝑦22 = ∫0 𝑆(𝜔)𝐴2𝑦2 𝑑𝜔
𝜋

(13)

Mean square deviations



2

 Z ,  , 

1

and

characterize the spread of values for vibration

amplitudes relative to their grouping centers. These
are mathematical expectations

(8)
𝑊𝜑 (𝑖𝜔) =

√

𝜔

𝜑 2
𝜑 2
(𝐾𝜔 ) +(𝐶𝜔 )
𝜑 2
𝜑 2
(𝑀𝜔 ) +(𝑁𝜔 )

т Z , т , т 1 , and

т 2 , which correspond to the quiescent state, i.e.,
conditions of static load [20].
When studying the dynamic motion of a wheel
and probability of suspension breakdown, the linear
dependence of these parameters on the statistical
characteristics of vertical and longitudinal angular
oscillations of a body occurs, namely, on the value
of casual square deviations. It allows concluding
that the definition of the dynamism coefficient kd
depends on the energy spectra of oscillations and
values corresponding to

 Z ,  , 

1

and



2

.

Considering these characteristics as dimensional
when  Z has a metric dimension and the rest are
angular, it is required to analyze the possibility of
their dimensionless representation, in particular, by
correlating them to their processes at the quiescent
state, i.e., to their mathematical expectations (scale
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of measurement). The obtained dimensionless mean
square deviations

 Z ,  , 

1

, and



2

characterize the degree of dynamic amplification
(compared to the static) of the oscillating system in
vertical, longitudinal angular, and transverse planes.
Semi-suspended way of skidding.
The scheme of transverse angular (γ)
oscillations of the tractor weight and bundle
suspension (β) is shown in Fig. 4a considering the
roll that occurs when hitting the microroughness of
the harmonic profile. Differential equations of
oscillations can be presented as:
𝑐1 𝑦 + 𝑐1 𝛽 + 𝑐1 𝑦 = 𝑓1 (𝑡 − 𝜏1 )
(14)
𝑑1 𝑦 + 𝑑1 𝛽 + 𝑑1 𝑦 = 0
(15)
where
1

𝑐 𝑛𝑑
2 𝑡

2

𝑐1 =

𝐽𝑡 +𝐺(𝐷+𝐿)2
9𝑔
2

− 𝐺𝐻𝑘 − 𝐺𝐿,

2

3

,

𝑐2 =

𝐷𝐺(1+𝐿)

𝑑1 = 𝑐2 ,

9𝑔

,

𝑐3 =

𝑑2 =

𝑄𝐷2
9𝑔

,

𝑑3 = 𝑄𝐷, Jt is the moment of inertia in the
3
transverse plane relative to the axis of the roll; Q is
the weight of a bundle; D is the distance from the
point of suspension to the point of the bundle
center; L is the distance from the center of the roll
to the point of suspension; G is the weight of the
tractor; Nk is the distance from the point of tractor's
mass center to the base of its front half-frame; Jnk
is the moment of inertia of the bundle with respect
to the axis passing through the point of suspension
and the touch center of the second end of the bundle
with soil; f1(t-τi) is the function of action
considering the lag time τi. It is believed that tractor
2
has 𝑄.
3
By multiplying both parts of the equations (14)
and (15) b y e - St and integrating within the range
from 0 to ∞, we obtain the Laplace transform
leading the system of differential equations to a
system of algebraic equations relative to the new
complex variable S:
(𝑐1 𝑆 2 + 𝑐3 )𝑦(𝑆) + 𝑐2 𝑆 2 𝛽(𝑆) = 𝐹1 (𝑆)
(16)
𝑑1 𝑆 2 𝑦(𝑆)(𝑑2 𝑆 2 + 𝑑3 )𝛽(𝑆) = 0 (17)
After solving the system of equations (16)-(17)
and taking Si, where ω is the frequency of
forced vibrations, 1/s result in amplitude frequency
characteristics of transverse vibrations of the tractor
and the timber bundle:
𝑊𝑦 (𝑖𝜔) =
𝑊𝛽 (𝑖𝜔) =

𝑑3 −𝑑3 𝜔2

(𝑐3 −𝑐1 𝜔2 )(𝑑3 −𝑑3 𝜔2 )−𝑑12 𝜔4
𝑑1 𝜔 2
(𝑐3 −𝑐1 𝜔2 )(𝑑3 −𝑑2 𝜔2 )−𝑑1 𝜔4

;

2
3

we have the mass Ма=М+ Q , which performs
vertical (Z) and longitudinal (φ) oscillations,
described by two differential equations (rigidity of
the rod at bending is neglected):
𝑀𝑎 𝑍 + 2𝑛𝜇𝑍 + 2𝑛𝜇𝑍 + 𝑀𝑎 𝑙1 𝜑 + 2𝑛𝜇𝑙1 𝜑 +
2𝑛𝑐𝜑 = 2𝑛(𝜇𝑞 + 𝑐𝑡 𝑞) (19)
𝑀𝑎 (𝑙12 + 𝑝𝑦2 )𝜑 + 2𝑛𝜇𝑙12 𝜑 + 2𝑛𝑐𝑙12 𝜑 + 2𝑀𝑎 𝑙1 𝑍 +
2𝑀𝑎 𝑙1 𝑍 + 2𝑛𝑐𝑙1 𝑍 = 2n(𝜇𝑡 𝑙1 𝑞 + 𝑐𝑡 𝑙1 𝑞)
where ρy is inertia radius of Ма mass in longitudinal
plane; n is the number of axes.
Representing equations (19) in the operator
form and having performed necessary Laplace and
Fourier transformations considering relations, the
amplitude frequency characteristics of vertical WZ

i, longitudinal angular W i ,

and transverse

oscillations of a tractor are obtained:
𝑖𝜇 𝜔−𝑐
𝑊𝑧 (𝑖𝜔) = 𝑀𝑎𝜔21 𝑡

,

4

𝑊𝜑 (𝑖𝜔) =

−𝜇𝑡 𝑖𝜔−𝑐𝑡

1

The scheme of vertical and longitudinal angular
oscillations is accepted as a scheme with a flexible
rod, in which an element with length Ls (a pack of
logs with the weight Q) is connected to the weight
of tractor M, and the technological module is
2
𝑄 (Fig. 4a).
3
The end of the rod lying on the ground is
considered pinched. Thus, at point A

(20)

2
2 (𝑀𝑎 𝜔 −2𝜔3 𝜇 𝑖−2𝑐 𝑤 𝑤 )
2𝑀𝑎 𝑝𝑦
𝑡
𝑡
4

Based on the principles of the stationary random
functions theory, the spectral densities of the
amplitudes of the corresponding oscillations are
determined by multiplying the squares of the
modules of quantities (18) and (20) by the spectral
density S(ω) of profile microroughness.
Thus, the energy spectra of the oscillations will
form:
In vertical
plane
–
𝑆𝑧 (𝜔) = ⌊𝑊𝑧 (𝑖𝜔)2 ⌋𝑆(𝜔)
In
longitudinal
plane
– 𝑆𝜑 (𝜔) = ⌊𝑊𝜑 (𝑖𝜔)2 ⌋𝑆(𝜔) (21)
Transversely
to the tractor – 𝑆𝑦 (𝜔) = ⌊𝑊𝑦 (𝑖𝜔)2 ⌋𝑆(𝜔)
Transversely
to the
bundle
– 𝑆𝛽 (𝜔) = ⌊𝑊𝛽 (𝑖𝜔)2 ⌋𝑆(𝜔)
Semi-suspended skidding
This scheme (Fig. 4b) has several differences in
comparison with the semi-suspended method
scheme [16]. First, the bundle forms a single system
with the tractor half-frames, and the bundle roll
angle is β=0, i.e., the system roll is considered by
2
the angle γ. The technological module has 𝑄, and
3

1

(18)

9

the trail. 𝑄.
3
The differential equations of vertical (Z) and
longitudinal (φ) oscillations are similar to equations
(19). The differences occur in the implementation
of transverse oscillations, and it is noteworthy to
distinguish the transverse oscillations of the front
(γ1) and rear (γ2) halves:
1
2𝑛
𝑦1 + 𝑐1 𝑦1 + 𝑐2 𝑦1 = (∑2𝑛
𝑖=1 𝜇𝑡 𝑙𝑖 𝑦𝑖 + ∑𝑖=1 𝑐𝑡 𝑙𝑖 𝑦𝑖 )
𝐽𝑓𝑡

𝑦2 + 𝑑1 𝑦2 + 𝑑2 𝑦2 =

1
𝐽𝑟𝑡

(22)
(∑2𝑛
𝑖=1 𝜇𝑡 𝑙𝑖 𝑦𝑖

+ ∑2𝑛
𝑖=1 𝑐𝑡 𝑙𝑖 𝑦𝑖 )
(23)

10
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where 𝑐1 =

1

𝜇𝑡
𝑐
2
, 𝑐2 = 𝑡 [∑2𝑛
𝑖=1 𝑙𝑖
2 +1𝑑 2 ]
𝐽
𝐽𝑡 [∑2𝑛
𝑙
𝑓𝑡
𝑖=1 𝑖 2
𝜇
1 2
2
𝑑1 = 𝑡 [∑2𝑛
𝑑2
𝑖=1 𝑙𝑖 + 2 𝑑 ],
𝐽

2𝐺𝐻𝑛
𝑝2 𝑛 −
],
2 𝑥𝑛
3𝑐𝑡
𝑐𝑡
1
2
2
[∑2𝑛
𝑖=1 𝑙𝑖 + 2 𝑝𝑥3 𝑛
𝐽𝑟𝑡

𝑟𝑡

−

𝐻𝑛 𝐺𝐻3
𝑐𝑡

+
=

],

ρxn, ρx3 is inertia radii of the front and rear halfframes, Jft и Jrt their moments of inertia in the
transverse plane; Hn and H3 are distances from the
mass center of the bundle to the half-frame bases.
Then, after the necessary transformations
similar to the half-suspended scheme of skidding,
transfer functions and amplitude frequency

characteristics of vertical WZ i  , longitudinal
angular W i  , and transverse oscillations of the
front and rear W i  half-frames were obtained:
𝑖𝜇 −𝑐
𝑊𝑍 (𝑖𝑧) = 𝑀𝑎𝜔𝑤 𝑡 𝑡
(24)
4

𝑊𝜑 (𝑖𝑧) =

−𝜇𝑡 𝑖𝜔−𝑐𝑡
1

4
2 (𝑀𝑎 𝜔 −2𝜔 3 𝜇 𝑖−2𝑐 𝜔 2
2𝑀𝑎 𝑝𝑦
𝑡
𝑡

(25)

2

𝑊𝑦𝑖 (𝑖𝜔) =
2𝑛
2𝑛
2𝑛
[𝐶𝑡 ∑2𝑛
𝑖=1 𝑙𝑖 𝑐𝑜𝑠𝜏𝑖 𝜔+𝜇𝑡 𝜔 ∑𝑖=1 𝑙𝑖 𝑠𝑖𝑛𝜏𝑖 𝜔]+𝑖[𝜇𝑡 𝜔 ∑𝑖=1 𝑙𝑖 𝑐𝑜𝑠𝜏𝑖 𝜔+𝐶𝑡 ∑𝑖=1 𝑙𝑖 𝑠𝑖𝑛𝜏𝑖 𝜔]
𝐽𝑓𝑡 [(𝐶2̅ −𝜔2 )+𝑖𝐶1̅ 𝜔]

(26)

𝑊𝑦2 (𝑖𝜔𝜔) =

2𝑛
2𝑛
2𝑛
[𝐶𝑡 ∑2𝑛
𝑖=1 𝑙𝑖 𝑐𝑜𝑠𝜏𝑖 𝜔+𝜇𝑡 𝜔 ∑𝑖=1 𝑙𝑖 𝑠𝑖𝑛𝜏𝑖 𝜔]+𝑖[𝜇𝑡 𝜔 ∑𝑖=1 𝑙𝑖 𝑐𝑜𝑠𝜏𝑖 𝜔+𝑐𝑡 ∑𝑖=𝑧 𝑙𝑖 𝑠𝑖𝑛𝜏𝑖 𝜔]
𝐽𝑟𝑡 [(𝑑̅2 −𝜔)+𝑖𝑑̅1 𝜔]

(27)
The energy spectra of oscillations are
determined through the squares of the modules
(24)-(27) and the spectral density S(ω) of
microroughness similarly to equations (21).
Second subsystem
The second subsystem assumes the elastic soil
deformation under dynamic influence arising from
the skidding tractor with a bundle of wood.
To assess the condition of the soil under the
dynamic influence of the skidding system
vibrations, it is relevant to apply the theory of linear
elastic and viscous deformation, which is
considered to be one of the first rheological theories
assuming the common manifestation of elastic and
viscous properties of the body. The modeling is
based on the Kelvin-Voigt body model [21] with
the addition of one elastic element. This model is
sometimes called the Hohenzleer-Prager model
[22].
The analysis of existing physical-mechanical
and mathematical models of elastic and viscous soil
condition has shown that the dynamic pressure qd
exerted by the forwarder on the soil from the
dynamic vibrations of the tractor or skidding
system can be estimated based on the transfer of
acoustic stiffness from one medium to another [23].
Then the pressure transfer coefficient Kλ will be:
2
𝑘𝜆 = 𝜆
(28)

The acoustic stiffness of the wheel is
determined as follows:
𝜆1 = 𝑝𝑡 𝑣
(29)
where ρt is the density of the tire material, kg/m3
and υ is the longitudinal wave speed, m/s.
The acoustic stiffness of the soil is determined
as follows:
𝜆2 = 𝑝𝑣
(30)
where ρ is the density of the soil, kg/m3.
By considering the processes of viscous-plastic
soil compaction under the influence of dynamic
loads, it is noteworthy that deformations ε will not
occur instantly but during a finite period [22].
Reconstructing the structure of the medium
structure referred to as repacking in the mechanics
of soils is a complex internal and intercrystallite
processes of "relaying" grains [23]. At comprising a
model of dynamic compressibility, it is assumed
that there are two diagrams of loading (Fig. 6) dynamic 1 and static 2.
The compression of spring 1 corresponds to the
dynamic diagram, and the total compression of both
springs within the proposed model corresponds to
the static diagram. The medium is unloaded
according to other laws, and the shock compression
behind the stress wave surface can cause both the
continuous growth or decrease of the stress. In the
first case, the deformation and, thus, compaction of
the soil will increase due to additional compression
of the medium and repacking of the soil grains. In
the second case, both the deformation decrease due
to unloading and its growth during repacking occur
simultaneously. The deformation of εd corresponds
to the dynamic compressibility, while εs
corresponds to the static one, i.e., the deformation
of a medium element is defined as the sum of
𝑝
𝜀 = 𝜀𝑑 + 𝜀𝑠 . Relative soil compaction 𝜌̄ = ⁄𝑝0 ,
where ρ0 is initial density, relates to the deformation
ε by the following ratio [32]:
𝜌̄ = 𝜀 + 1 = 𝜀𝑑 + 𝜀𝑠 + 1. (31)

Fig. 6. Loading scheme of viscous-plastic soil:
dynamic compressibility (1) static compressibility (2),
dynamic unloading (3), and static unloading (4).

1+ 1⁄

𝜆2

where λ1 is the acoustic stiffness of the wheel
lug equal to 1.1·1200 t/m2s and λ2 is the acoustic
stiffness of the soil equal to 0.85 · 800 t/m2s. Thus,
the acoustic refraction coefficient kλ = 0.68.

Thus, due to the linear nature of the relative
density and strain ratio, the compaction value is
accepted as the sum of the dynamic and static
compaction values. Under shock compression, the
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soil deformation of ε is determined only by the
dynamic compression curve since the deformation
of εs does not occur.
Linear nature of loading dependences is
accepted in the first approximation as follows:
𝜎𝑑 = Е𝑑 𝜀𝑑 ,
𝜎𝑠 = Е𝑠 𝜀𝑠 ,
(32)
where Еd и Еs are dynamic and static
deformation modules, respectively.
Neglecting the effect of unloading, the value of
the relative dynamic soil compaction can be
determined as:
𝜎
𝜌̄ 𝑑 = 𝑑 + 1.
(33)
Е𝑑

Each passage of the skidding system is
accompanied by additional dynamic soil
compaction, the maximum value of which depends
on the properties of the soil and skidding system, as
well as the presence of resonant zones in the
frequency spectrum.
Thus, mathematical modeling allows estimating
the impact of forest machinery on soil compaction
at known weights. Nevertheless, the presented
model does not take into account such parameters
as moisture and soil type. For example, in work
[29], the results of studies on 8x8 tractor
demonstrated that not only the level of machine
load but also the soil moisture affects the depth of
the wheel track. In other studies, the type of soil
and its moisture is reported to be of high
importance for predicting the influence extent of
forest operations [30, 31]. These statements will
contribute to further research and complement the
presented mathematical model considering the
categories and moisture.
4. CONCLUSIONS
Based on the results of this work, the following
conclusions are drawn. For theoretical research of
the second subsystem "tractor - timber bundle soil", the methods of statistical dynamics with the
presentation of microroughness of the trail surface
as a random process or random function were
applied to evaluate the dynamic compaction of the
soil by a tractor or skidding system. In the study of
the soil compaction by skidding tractor and
skidding system and considering its dynamic
influence, the dynamic system "tractor - wood
bundle-soil" was accepted to divide into two
subsystems. The first one reflects the vibrations of
sprung mass on elastic tires in a radial direction,
and the second one represents elastic and viscous
soil deformation under the dynamic influence of the
oscillating system.
In the first subsystem, it is sufficient to measure
the vertical vibrations and vibrations of sprung
mass in the longitudinal and transverse planes for
studying the dynamic soil compaction by a tractor
and a bundle of wood. It was shown that the first
subsystem can be considered as a linear oscillating
system with constant dynamic parameters.
Mathematical modeling of second subsystem was

11

based on the Kelvin-Voigt model with the addition
of one elastic element.
The theory of linear elastic and viscous soil
deformation under dynamic influence from
vibrations of the skidding system was used to assess
the soil condition. This theory is considered as the
basis for the rheological theory that considers the
common manifestation of elastic and viscous
properties of the body.
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