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Abstract
This article examines one of the basic issues related to the technique of mobile satellite measurements in
railway tracks. This problem concerns the correction of the determined coordinates of the track centerline.
The need to perform this operation results from the GNSS receivers positioning at a certain height above the
level of the existing track axis, leading to longitudinal and lateral shifts of antennas. The key problem here is
the determination of the local horizontal coordinate system in each measured position. For the analysis, the
authors defined the directional baseline vector of the measuring platform on the basis of positions given by
two satellite antennas, positioned over the pivots of its bogies. This work presents the procedure for
determining the corrections values.
Keywords: Track geometric layout, GNSS/INS/MLS measurements, RTK measurements, Data processing

KORYGOWANIE WYZNACZONYCH WSPÓŁRZĘDNYCH OSI TORU KOLEJOWEGO
W MOBILNYCH POMIARACH SATELITARNYCH
Streszczenie
W pracy poruszono jedną z podstawowych kwestii związanych z techniką mobilnych pomiarów
satelitarnych w torze kolejowym – korygowanie wyznaczonych współrzędnych osi toru. Konieczność
przeprowadzenia tej operacji wynika z ustawienia anten GNSS na pewnej wysokości nad poziomem
istniejącej osi toru, przy występowaniu jego pochylenia w kierunku podłużnym i poprzecznym. Kluczowym
problemem staje się przy tym konieczność określania w każdym punkcie pomiarowym kierunków osi układu
współrzędnych w płaszczyźnie poziomej. W omawianej metodzie posłużono się kierunkowym wektorem
bazowym, wyznaczonym na podstawie współrzędnych anten usytuowanych nad czopami skrętów obydwu
wózków platformy. W pracy przedstawiono procedurę określania wartości korekt.
Słowa kluczowe: Układ geometryczny toru, Pomiary GNSS/INS/MLS, Pomiary mobilne RTK, Przetwarzanie danych

1. INTRODUCTION
The speeds of trains travelling on operated
railway lines and their safety are closely related to
the designed and existing shape of the track axis –
the centerline.
Considering the fact that, during line
exploitation, its shape deforms horizontally and
vertically, its continuous monitoring and
diagnostics is a crucial element of its management
system. So far, the maximum allowed speed on a
given section of the line is primarily established
based on the assessment of the rails’ deformation,

i.e. on track irregularities. Such analysis is based on
various quality indices, which are calculated from
the measurements of horizontal and vertical
versines, related to a specific chord [1–5, 7, 13].
However, direct shape assessment using
absolute track geometry (ATG) has not been widely
used until recently. The reason for this was
primarily the lack of a possibility for an
unambiguous and efficient way of referring the
track axis to the coordinates of the geodetic control
networks, or, in general, to the designed track
coordinates. In the last decade, railway control
networks located along the tracks have been
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commonly introduced. The control marks enable
the measurement units to identify the spatial
coordinates of the track axis. Regardless of the
measurement method, the accuracy of the control
points’ determination and the issue of its
maintenance remains an important problem. This
situation also occurs in the method of determining
the track axis using mobile total stations
(introduced in recent years and already widely
used), allowing quasi–continuous registration of
spatial positions. The measurements are carried out
– as mentioned – in relation to a specially created
railway geodetic control network, established with
the use of a high accuracy global navigation
satellite system (GNSS) [6].
The new technologies in modern surveying
enable operating with ATG without the necessity of
linking the measurement system to the track survey
markers. As has been proven in [6], real–time
kinematic (RTK) GNSS surveying, integrated with
inertial measurements, deliver global coordinates,
which can be used in the estimation problem of the
track axis. In [6], the integrated multi–sensory
trolley (pushed by human force) has been
presented, and the algorithm therein regards the
integration of satellite and inertial signals (also with
the signals of track irregularity). Compared to that
study, the authors of presented article discuss the
algorithms adopted to the mobile satellite
measurement method (MSM) [14]. This means that
the measurement is carried out at higher speeds in
relation to the cited surveying method, and the
measured (in RTK mode) positions need to be
recalculated in order to obtain the position of the
track axis. In this article, the specific corrections
defined on the basis of the track–train system
geometry analysis have been presented.
Operating in a global coordinate system (in
Poland, PL–2000) means that the correction of the
determined coordinates of the existing track axis
requires the determination of the coordinate axes
directions at each measuring point in the horizontal
plane – which, in the case of tracks located in the
arc, can be difficult. In addition, in each method, it
is necessary to take into account the offset of the
measuring device relative to the theoretical position
of the track axis – i.e. the point of symmetry at the
height of the line connecting the rolling surfaces of
the rail heads.
A fixed offset of the recording device relative to
the track axis occurs only on straight sections,
where the coordinate measurement can be directly
identified with the existing track axis, and then
compared with the design axis. On the other hand,
the coordinates of the track axis determined on the
sections located in the arc depend not only on the
location of the measuring device relative to the
rails, but also on the value of the track cant. By
definition, the track cant is the height difference
between the rails in individual cross–sections. The
cant is usually made by lifting the outer rail relative
to the inner rail by the design value. This value can

have a constant distribution – along the length of
the circular arc – or a variable distribution – along
the transition curves (cant transitions). In each
variant, it causes the designed track centerline to be
shifted inwards as a result of the rotation of the
entire track structure, relative to a certain reference
point.
To avoid the centerline’s offset, the cant can be
constructed by rotating the track with respect to the
point belonging to the centerline. This would mean
that outer rail is lifted, while the inner rail should be
stabilized beneath its initial level. Such a way of
creating the cant is very difficult, so this variant is
rarely seen in practice. For those reasons, the
authors have taken into account both corrections,
i.e. resulting from the GNSS antennas placement,
and resulting from the track cant.
The method presented in this work is based on
the thoughtful positioning of GNSS receivers
relative to the measurement platform. To determine
corrections for the measured horizontal coordinate
signal, the authors developed an algorithm based on
track inclination measurements.
2. TECHNIQUE OF MOBILE SATELLITE
MEASUREMENTS
The main idea of the technique of mobile
satellite measurements (MSM) [8, 10, 11, 14],
developed since 2009 by the Gdańsk University of
Technology and the Naval Academy / Maritime
University of Gdynia, is measuring railways with
the use of GNSS antennas installed over the bogie
pivots of a measuring wagon. The recorded satellite
signals are analyzed and, on that basis, the existing
railway centerline is calculated.
The MSM method, from the point of view of
efficiency, surpasses other stationary and quasimobile techniques (i.e. with measuring carts
manually pushed by the operator) [9, 15]. This is
due to the simple fact that real-time positioning
(RTK) does not require linking with the geodetic
survey markers (such as in the case of
tacheometry). Moreover, a sufficiently high
frequency of recording samples (normally 20 Hz)
allows the track to be measured with a relatively
high speed. In addition, the accuracy of GNSS
measurements – due to the dynamic development of
satellite infrastructure – promises to develop
effective inventory methods, as well as methods for
developing track axis adjustment projects. The
major advantages of this method are its mobility,
speed of measurement, high accuracy of positions
determination, and no need to perform relatively
complex transformations to calculate the positions.
Compared to tacheometry, this method does not
require building and maintaining geodetic control
networks. The basic application difficulties result
from the technological advancement of the
measuring apparatus (availability, service) and the
need to operate with large amounts of measurement
data.
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In the MSM method, the GNSS antennas are
positioned at a fairly significant height (about
1.5 m) above the level of the existing track.
Therefore, it becomes necessary to correct the
determined coordinate values. The decisive role is
played by the measurement of the longitudinal and
lateral track inclination with the additionally
installed inclination measuring system. The issue of
determining the directions of the coordinate system
in a horizontal plane at each measuring point is
solved in the discussed method by analyzing the
directional baseline vector of the measuring wagon,
determined by two satellite antennas installed above
the bogie pivots. Figure 1 shows the concept of the
measuring platform. The system consists of the
401Z platform wagon and the measurement set of
two RTK GNSS receivers. The distance between
receivers established on a wagon's base as a
distance between bogie pivots is lb.

Fig. 1. A schematic view of the measuring
platform

3. ASSUMPTIONS OF THE CORRECTION
METHOD
The direct measurement of the track centerline
positions is difficult to perform. Only static manual
methods allow the measurement device to be
positioned at the level of the rails’ surface. In the
aforementioned MSM method, there is no
possibility to do this. The GNSS antenna's center is
located at a certain fixed height relative to the rails.
This height results from the dimensions of the
measuring wagon and the dimensions of the
antenna's supporting system, as well as from the
antenna's height. Consequently, the antenna
deviates from the reference position due to the
longitudinal and lateral track inclinations. In this
situation, the satellite coordinates of the track axis
are subject to an error that should be
unconditionally eliminated. Appropriate correction
of coordinates recorded by GNSS receivers can be
performed by the measurement of the wagon frame
inclinations. The inclination of the immediate
vicinity of GNSS receivers was measured using
inclinometers (Fig. 1, 7).
In the presented algorithm, the full set of data
for a given measuring point is as follows:
 recording time t,
 horizontal and vertical coordinates in global
Cartesian coordinate system (PL–2000),

 inclination angles αv and αt of longitudinal and
lateral directions respectively.
The signal of antenna on the front bogie
(marked as GNSS receiver A) will be use to correct
the track centerline coordinates. The signal consists
of YA(tk), XA(tk) and HA(tk) coordinates which are
recorded in time tk, where k = 1, 2, … Firstly, a
correction will be performed for the longitudinal
inclinations, which results in new–calculated
coordinates Y A (tk ) , X A (tk ) , H A (tk ) . Afterward, the
lateral corrections will be made, and the final
coordinates will be defined as Y A (tk ) , X A (tk ) ,
H A (tk ) .

3. DETERMINATION OF THE BASELINE
VECTOR OF THE MEASURING
VEHICLE
One of the key elements of the above algorithm
for centerline correction is the measuring base. This
base is defined in respect to the wheelbase of a
wagon. In the case of the 401Z wagon, the
wheelbase is between the bogies’ pivots. While
driving the measuring wagon, both extreme points
of the measuring base change their position in the
global coordinate system. However, the ends of the
vector described on these points are permanently
related to the track centerline. Moreover, this vector
does not change its length due to the rigidity of the
wagon platform. Mounting GNSS antennas directly
above the bogie pivots allows the position of the
baseline vector in the global coordinate system to
be recorded.
In the given position of the frontal bogie, the
horizontal coordinates YA(tk) and XA(tk) of antenna
A are determined. At the same time, antenna B
(above the pivot of the second bogie) is located at
the point of coordinates YB(tk) and XB(tk).
The correctness of determining the horizontal
coordinates of both A and B antennas can be easily
verified by calculating the length of the baseline
vector between them, using the formula:
Lb 

YB (tk )  YA (tk )   X B (tk )  X A (tk )
2

2

(1)

The result can be compared with a real construction
dimension lb (measured using a high-precision
tacheometer and class 1 measuring tape) between
both bogies' pivots of the given wagon (Fig. 1).
Knowing the coordinates of antennas YA(tk) and
XA(tk) as well as YB(tk) and XB(tk), the equation of
the baseline vector can be defined in a global
system of references at every moment of measuring
time tk.
5. CORRECTION FOR LONGITUDINAL
TRACK INCLINATION
The rule of determining the correction for
GNSS receiver position due to the longitudinal
track inclination is illustrated in Fig. 2.
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Figure 2 shows that the values of corrections
Hv and Lv for antenna position depends on the
constructively determined height d of the center
antenna above the track plane, and the longitudinal
inclination angle αv(tk), measured successively by
the inclinometer. It is assumed that, in the case of a
positive inclination (elevation), the angle αv is
positive (Fig. 2), and in the case of a negative
inclination (slope), the αv is negative. The horizontal
and vertical correction can be calculated as follows:
Lv (tk )  d  sin v (tk )
(2)

Knowing this, the correction ΔLv is not
sufficient to directly determine the coordinates
Y A (tk ) and X A (tk ) . For this purpose, the
differences of the abscissa ΔYv and the ordinates
ΔXv and their signs are needed.

(3)
Hv (tk )  (1  cosv (tk ))  d
The final vertical correction toward the track level
will be done in the next step.

Fig. 3. The range of changes in the calculated
values of ΔLv and ΔHv for various
longitudinal slopes s

For determining the corrected coordinates of the
track axis on the basis of the correction values in
the longitudinal direction, the linear equation of the
measuring base should be used, which shows that:
X v (tk ) 
Fig. 2. GNSS receiver’s location on the
longitudinal track inclination for positive
values of αv, measured coordinates A(Y, X, H)
and corrected coordinates A(Y , X , H )

As can be seen, in the case of the ΔLv correction
defined by (2), the sign of the inclination (positive
or negative), determined by the sign of angle αv,
plays an important role. This correction is positive
(i.e. shifting the measured Y, X coordinates in the
direction of movement of the wagon base) if the
inclinometer indicates that αv > 0. Otherwise, the
ΔLv correction has a negative value. The
momentary sign of longitudinal inclination is
determined in the discussed method by analyzing
the baseline vector of the measurement platform.
The altitude (vertical) correction ΔHv, described by
(3), is positive in each case.
Figure 3 shows the dependence between the
longitudinal inclination of the track and the
discussed corrections. The corrections were
calculated for the height of the antenna's center (in
relation to the track) d = 1500 mm.
It should be noted that, for a typical railway
line, the maximum longitudinal inclinations usually
do not exceed 10‰, which corresponds to αv =
0.573°. For such a slope, the correction value ΔLv is
about 15 mm. Regarding the correction in the
longitudinal direction ΔHv, in the vast majority of
cases, its value does not exceed 1 millimetre, and
can be omitted.

X B (tk )  X A (tk )
Yv (tk )  a(tk )Yv (tk ) (4)
YB (tk )  YA (tk )

where: a(tk) – gradient of a line estimating the
measuring vector.
Moreover, the following condition applies:
Yv2  X v2  L2v
(5)
Which, after taking into account (2) and (4), gives:
Yv  

d  sin  v (tk )
1  a 2 (tk )

X v   a(tk )

d  sin  v (tk )
1  a 2 (tk )

(6)

(7)

Determination of the sign in expressions (6) and
(7) depends on the direction of the following
measurement and the longitudinal inclination angle.
Calculations of the corrected coordinates Y A (tk )
and X A (tk ) are presented in a Section 7.
6. CORRECTION FOR SUPERELEVATION
TRACK INCLINATION
The track inclination in the lateral direction
results from the difference in rail levels. In
structural terms, this difference is generated by
tilting the sleepers (relative to the horizontal plane)
by the angle αt(tk). It is assumed that the angle
translates directly into the tilt of the measuring
wagon surface, and can be measured by the
inclinometers. It is also assumed that αt(tk) is
positive when the right rail is elevated from zero
level (according the direction of travel). In the
opposite case, the sign is negative. The geometric
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relations between track cant and corrections are
illustrated in Fig. 4.
As was previously described, inclination angle
t, from the implementation point of view, results
from the rotation of the sleeper around the line of
contact between the sleeper's head’s lower edge and
the ballast layer. In a cross–section, this rotation
axis is represented by point O. The center of the
sleeper's bottom, point S1(lp/2, 0), moves to point S2
(xS2, yS2). The equation for the straight line where S2
lies is:
y  x  tan t (tk )
(8)
At this point, it should be noted that the values
of corrections ΔLt and ΔHt are significantly
influenced by the superstructure elements, i.e. the
type of sleeper and rail, as well as the way the rail
is fastened to the sleeper. The dimensions of the
sleeper are also crucial, especially its length lp and
height in the place of the rail's positioning. The last
dimension, in combination with the rail's height
(together with the fastening system), determines the
position of the upper surface of the rail's head
relative to the bottom of the sleeper (marked as w –
Fig. 4).

coordinates of the satellite antenna's center can be
calculated:
xA 

lp

   w  d   tan  (tk )  (11a)
2
1  tan  (tk ) 


yA 

lp

 tan  (tk )   w  d  (11b)
1  tan  (tk )  2


1

2

1

2

Figure 4 indicates, that:
Lt 

lp
2

 xA , Ht    y A  w

(12)

When the right rail of the track is elevated
(looking in the direction of movement), as in Fig. 4,
the correction ΔLt is positive (shifted to the right)
and the correction ΔHt is negative. Otherwise, i.e.
when the cant increases towards the left rail, both
ΔLt and ΔHt corrections are negative.
The determination of the impact of the track
lateral inclination for the required correction of
track axis coordinates, assuming d = 1500 mm,
lp = 2600 mm and w = 385 mm, is shown in Fig. 5.

Fig. 5. Range of calculated values of ΔLt and
|ΔHt| for different cant values h

As in the case of the longitudinal direction, even
if the ΔLt correction would have been know, it is

Fig. 4. Receiver’s location in the track cross–
section for positive values of αt and measured
coordinates A(Y, X, H) and corrected
coordinates A(Y , X , H ) (for longitudinal
inclination αv = 0)

not sufficient to determine the coordinates YA (tk ) ,

Taking into account the equation (8) and the
condition regarding the distance between the center
of the sleeper’s bottom and the point O, we can
determine the coordinates of the point S2 (Fig. 4):
xS 2 

1

lp

1  tan  t (tk ) 2
2

, yS 2 

tan  (tk )

lp

1  tan  t (tk ) 2
2

(9)

Thus, the equation of the perpendicular line to
the straight line from (8), passing through point S2,
can be calculated as follows:
y  yS 2 

1
1
xS 2 
x
tan  t (tk )
tan t (tk )

(10)

The highest point of the antenna A, at a distance
w + d from point S2 (Fig. 4), lies on the straight line
(10). After transforming the equations, the

X A (tk ) directly. The values ΔYt and ΔXt (of proper
sign), together with the proper signs, should be
determined. For determining the corrected
coordinates of the track centerline based on the
value of corrections in the cross–section, the
equation of a straight line perpendicular to the
baseline vector of the measuring wagon is used. In
this case, the correction of the antenna's coordinates
takes place in the direction of this perpendicular
straight line. Using the equation of the baseline
vector of the measuring wagon (4), the equation of
the perpendicular direction passing through point A
is defined as follows:
X t (tk )  a(tk )Yt (tk )
(13)
and the following condition applies:
Yt 2  X t2  L2t
(14)
After implementing the equation (13) and the
transformations, the formulas for ΔYt and ΔXt are
obtained:
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Yt  

X t   a(tk )

Lt
1  a 2 (tk )

Lt
1  a 2 (tk )

(15)

(16)

As in the case of formulas (6) and (7), the
determination of the proper sign in expressions (15)
and (16) is presented in chapter 7. As before, it
depends on the measurement situation.
7. CALCULATIONS OF CORRECTED
TRACK COORDINATES
For determining the corrected coordinates of the
track centerline on the basis of the correction values
in the longitudinal and lateral directions, the
equation of the baseline vector of the measuring
wagon was used. The correction of the antenna
position in the longitudinal profile takes place in
accordance with the direction of the straight line of
the vector base, while the correction of the antenna
position in the lateral direction takes place in
accordance with the perpendicular straight line to
the baseline vector.
The solution to the problem requires
consideration of the measuring situation: the wagon
moving on a rising or falling inclination in a certain
direction. There are four possible variants here:
 run on a rising inclination (angle αv > 0)
according
to
the
coordinate
system
(YA(tk) > YB(tk)),
 run on a rising inclination (αv > 0) in the
opposite direction to the coordinate system Y
(YA(tk) < YB(tk)),
 run on a falling slope (αv < 0) according to the
coordinate system Y (YA(tk) > YB(tk)),
 run on a falling slope (αv < 0) in opposite
direction to the coordinate system Y
(YA(tk) < YB(tk)).
There can be two scenarios in the horizontal plane
for each case:
 where ordinates X are above Y axis,
 where ordinates X are below Y axis.
Finally, in each scenario, two cases can be
distinguished:
 cant ordinates refer to the right rail – in the
direction of travel (positive cant, angle
αt(tk) > 0),
 cant ordinates refer to the left rail – in the
direction of travel (negative cant, angle
αt(tk) < 0).
Taking into account the above conditions and
formulae (6), (7), (15), and (16), 16 variants are
obtained, which are listed in Table 1.

the discussed method in railways [11, 12, 14].
Figure 6 presents a view of the measuring platform
during experimental measurements on the railway
line No. 211, on the Chojnice–Brusy section, which
was carried out by a multi–person research team.
Table 1. Variants of correcting coordinates
Case 1
Case 2
αv(tk) > 0
αv(tk) > 0
YA(tk) > YB(tk)
YA(tk) < YB(tk)
X(tk) > 0
X(tk) > 0
Yv > 0
Yv < 0
αt(tk) > 0
αt(tk) > 0
Yt > 0
Yt > 0
X(tk) > 0
X(tk) > 0
Yv > 0
Yv < 0
αt(tk) < 0
αt(tk) < 0
Yt < 0
Yt < 0
X(tk) < 0
X(tk) < 0
Yv > 0
Yv < 0
αt(tk) > 0
αt(tk) > 0
Yt < 0
Yt < 0
X(tk) < 0
X(tk) < 0
Yv > 0
Yv < 0
αt(tk) < 0
αt(tk) < 0
Yt > 0
Yt > 0
Case 3
αv(tk) < 0
YA(tk) > YB(tk)
X(tk) > 0
Yv < 0
αt(tk) > 0
Yt > 0
X(tk) > 0
Yv < 0
αt(tk) < 0
Yt < 0
X(tk) < 0
Yv < 0
αt(tk) > 0
Yt < 0
X(tk) < 0
Yv < 0
αt(tk) < 0
Yt > 0

Case 4
αv(tk) < 0
YA(tk) < YB(tk)
X(tk) > 0,
Yv > 0
αt(tk) > 0
Yt > 0
X(tk) > 0,
Yv > 0
αt(tk) < 0
Yt < 0
X(tk) < 0,
Yv > 0
αt(tk) > 0
Yt < 0
X(tk) < 0,
Yv > 0
αt(tk) < 0
Yt > 0

The research was carried out using the latest
generation of GNSS measuring equipment, along
with the reference station network existing in
Poland. Various variants of the measurement
system configuration were analyzed. A key role
was played by the baseline vector determined by
both the A and B antennas (Fig. 6). The
measurement results will be processed in a

8. EXAMPLE OF APPLICATION OF THE
CALCULATION ALGORITHMS
Research conducted with the use of MSM will
determine the current and future prospects for using

Fig. 6. The measuring platform during mobile
measurements; GNSS receivers A and B
define the baseline vector of the platform
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multilayer IT system developed as a part of the
project, which will then allow the results to be
presented in a functional web application.
Measurements were carried out with a constant
speed of about v = 30 km/h. The results for the
section comprising two circular arcs with transition
curves separated by a straight section are shown in
Fig. 7. The figure also shows the result of the
correction procedure for measurement results due to
the presence of lateral inclinations on the arcs.
Since the values of track axis position
corrections do not exceed a few centimetres, the
introduced correction is visible only on the enlarged
fragment of the drawing. It covers an area of
2 m x 2 m, in which the location of 7 sample
measuring points with coordinates Y(tk), X(tk) for
tk - tk-1 = 50 ms is recorded, which corresponds to
the measuring frequency of 20 Hz. Due to the
nature of the cant, the track centerline corrected to
the design position will always lie outside the curve
relative to the measured one, as the enlarged
fragment of Fig. 7 confirms.

shapes of tracks, and can be successfully used in the
post–processing analysis of satellite signals. The
key element of the algorithm is the baseline vector
of the measuring wagon, which allows for the
orientation of the corrections at any point of
measurement.
The large number of measurement data
obtained, resulting from a sampling rate of 20 Hz,
means that the coordinate correction process must
be automated. The computational algorithms
presented here make it possible to implement them
in the form of an appropriate computer program.
SOURCE OF FUNDING
The project "Development of an innovative
method for determining the precise trajectory of a
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Fig. 7. An example of correction of the
railway track axis using the MSM method

9. SUMMARY
The precise identification of a track centerline
entails a number of possibilities related to the
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